We study a homogeneously driven granular gas of inelastic hard particles with rough surfaces subject to Coulomb friction. The stationary state as well as the full dynamic evolution of the translational and rotational granular temperatures are investigated as a function of the three parameters of the friction model. Four levels of approximation to the (velocity-dependent) tangential restitution are introduced and used to calculate translational and rotational temperatures in a mean field theory. When comparing these theoretical results to numerical simulations of a randomly driven mono-layer of particles subject to Coulomb friction, we find that already the simplest model leads to qualitative agreement, but only the full Coulomb friction model is able to reproduce/predict the simulation results quantitatively for all magnitudes of friction. In addition, the theory predicts two relaxation times for the decay to the stationary state. One of them corresponds to the equilibration between the translational and rotational degrees of freedom. The other one, which is slower in most cases, is the inverse of the common relaxation rate of translational and rotational temperatures. PACS numbers: 45.70, 47.50+d, 51.10.+y, 47.11.+j 
I. INTRODUCTION
Granular media are collections of macroscopic particles with arbitrary shape, rough surfaces, and dissipative interactions [1] [2] [3] [4] . Many phenomenona are well reproduced by model granular media, where spheres are used instead of other, possibly more realistic shapes. In order to study such model systems, kinetic theories [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] and numerical simulations [4, 15, [17] [18] [19] [20] [21] [22] [23] have been applied for special boundary conditions and a variety of interesting experiments have been performed, see for example [24] [25] [26] [27] [28] . The dynamics of the system is usually assumed to be dominated by instantaneous two-particle collisions. These collisions are dissipative and frictional, and conserve linear and angular momentum while energy is not conserved. In the simplest model, one describes inelastic collisions by a normal restitution coefficient only. However, surface roughness and friction are important [10, 13, [20] [21] [22] 29] , since they allow for an exchange of translational and rotational energy and influence the overall dissipation. In the standard approach [5, 10, 22] , surface roughness is accounted for by a constant tangential restitution coefficient ¢ ¡ , which is defined in analogy to in the tangential direction. A more realistic friction law involves the Coulomb friction coefficient £ [17, [30] [31] [32] , so that the tangential restitution ¤ ¡ ¦ ¥ § © depends on the impact angle § , i.e. the angle between the contact normal and the relative velocity of the contact points.
Recently, Jenkins and Zhang [14] proposed a kinetic theory for frictional, nearly elastic spheres in the limit of small friction coefficient £ . They introduced an effective coefficient of normal restitution by approximately relating the rotational temperature to the translational one. Thereby the kinetic the-ory for slightly frictional, nearly elastic spheres has the same structure as that for frictionless spheres. Also for small £ , Goldhirsch et al. [16] showed that an infinite number of spindependent densities is needed to describe the dynamics of frictional spheres and that the distribution of rotational velocities is non-Gaussian. A mean field theory for three dimensional cooling systems of rough particles with Coulomb friction was proposed in [13] and found to be in very good agreement with computer simulations for a wide range of parameters. A systematic theoretical study of driven systems over the whole range of dissipation and friction parameters is not available to our knowledge.
In the following, we propose a mean-field (MF) theory of homogeneously driven rough particles that accounts for Coulomb friction (i.e. a non-constant ¡ ) on different levels of refinement. The most accurate description parallels the threedimensional (3D) results [13] for freely cooling systems. In addition, we present different levels of approximation to the full model and discuss their shortcomings in MF theory. The homogeneous driving used here is the same as in other recent studies of driven systems [15, 29] .
To test our analytical results we have performed numerical simulations of a randomly driven mono-layer of spheres, using an Event Driven (ED) algorithm [21, 22, 29, 33] . One key result is that, via rotational degrees of freedom, is computed in section III. The standard approach with constant tangential restitution is briefly reviewed, before we introduce three levels of approximation and the full MF theory in section IV. In section V we discuss the stationary state and and in section VI the dynamic evolution towards the stationary state. In both sections we compare the predictions of full MF theory and its approximations to simulations. Finally we present a summary and conclusions in section VII.
II. MODEL
The model system contains three-dimensional spheres of diameter ¡ £ ¢ , mass ¤ , and moment of inertia ¥ interacting via a hard-core potential. The particles are confined to a twodimensional (2D) square with periodic boundary conditions. The linear box size is ¦ and the area (volume) § © ¦ . The moment of inertia can be expressed using the shape factor ¥ ¤ ¢
For spheres with a homogeneous mass distribution © ¡ " ! . Inelasticity and roughness are described by a coefficient of normal restitution , the Coulomb friction law with coefficient of friction £ , and a coefficient of tangential restitution ¤ ¡ which depends on , £ , and the impact angle § for sliding contacts, or on a maximum tangential restitution " # ¡ for sticking contacts, when some "tangential elasticity" becomes important. In a collision of two particles $ % ' & and ¡ with positions ( 0 )
, contact normal 1 2 is, in general, a function of the impact angle § . Coulomb friction can be expressed [34] in terms of a coefficient of tangential restitution
which is a function of the impact angle § [20, 30, 32] . Here, we have simplified the tangential contacts in the sense that exclusively either Coulomb friction applies, i.e.
, or constant tangential restitution with the maximum tangential restitution coefficient t # ¡ . Coulomb friction is effective when the relative tangential velocity is large, whereas tangential restitution applies for low tangential velocities.
Note that in the general case
between the contact normal 1 and the relative translational velocity 9 3 g 9 3 5 9
is different from the impact angle § of the contact points, see Figs. 1 and 2. In the following we will refer to § when we talk about the impact angle.
B. Driving model
The driving of a granular material can be realized by moving walls, see Ref. [1] and references therein, corresponding to a local heating [36] [37] [38] , or the system can alternatively be driven by a global homogeneous, random energy source in different variations [11, 12, 29, [39] [40] [41] [42] . We choose homogeneous translational driving here and modify the velocity of 
C. Simulations
We have performed simulations of a randomly driven mono-layer of spheres, using an Event Driven (ED) algorithm [20, 21, 29, 43] , and compared the results with the MF predictions, see also Refs. [11, 13, 29, 41, 42] . Every simulation is equilibrated without driving with & and in the smooth surface limit £ # ¡ 5 & . Then inelasticity, friction and driving are switched on, according to the rules defined above. The problem of the inelastic collapse characteristic of the ED algorithm [44, 45] , is handled by using normal restitution coefficients dependent on the time elapsed since the last event [46] [47] [48] . The frequency of driving is chosen such that it is larger than or comparable to the typical collision frequency per particle, both initially and in steady state. Varying the driving frequency to much larger values did not affect the simulation results, whereas the use of a much smaller driving rate caused different results due to the slow input of energy.
III. IMPACT-ANGLE PROBABILITY DISTRIBUTION
In the following we shall discuss various levels of approximation to the collision rules given in Eqs. (5) and (6) . One possibility to simplify the collision rules is to consider tangential restitution averaged over all impact angles § , thereby reducing the problem to one with a constant coefficient of tangential restitution. For that purpose we need to know the probability distribution of impact angles.
The assumption of "molecular chaos" implies a homogeneous distribution of the collision parameter , and the phase space element The remaining integrals can be computed analytically, yielding the following expression for the impact angle distribution is compared to the results of our simulations in Fig. 3 ; reasonably good agreement is observed. With increasing rotational velocities, contacts with large $ ¡ (small § ) become more and more frequent due to the increasing rotational contribution. On the other hand, collisions with vanishing $ ¡ (large § ) become less probable, since the rotational contribution leads to a net increase of $ ¡ .
IV. DIFFERENTIAL EQUATIONS IN MEAN FIELD THEORY APPROXIMATIONS
In the following we present different approximations for frictional particles, referred to as models A-E. Model A is the well known model using constant coefficients of normal and tangential restitution, cf., e.g., [5, 10] . Model E implements Coulomb friction as introduced by Walton [17] . While model A is the mean field solution for rough particles with a constant coefficient of tangential restitution, model E is the mean field solution for particles with Coulomb friction. Models B through D are approximations to model E that may be simpler to deal with but have significant shortcomings.
The starting point of our mean-field approach is the theory of Ref. [10] for a freely cooling gas of rough particles with a constant coefficient of tangential restitution (
). The theory is based on a pseudo-Liouville-operator formalism and on the assumption of (i) a homogeneous state, (ii) independent Gaussian probability distributions of all degrees of freedom, i.e. all components of the translational and the rotational velocities, and (iii) the assumption of "molecular chaos", i.e. subsequent collisions are uncorrelated. The agreement with simulations is very good as long as the above assumptions are valid [21] .
The main outcome of this approach is a set of coupled time evolution equations for the translational and rotational MF temperatures
£ ¡
We recall the results of the mean field theory for the model with a constant coefficient of tangential restitution which is obtained from the general case in the limit £ ¦ 3 8 5 (see Eqs. (14) in Ref. [21] ). The system of coupled equations reads in 2D:
Note the choice of signs which lead to positive coefficients. Based on more physical arguments, C quantifies the dissipation of translational energy, E and E ¥ correspond to the interchange of energy between the translational and rotational degrees of freedom, and P describes the dissipation of rotational energy. The coefficient @ sets the time-scale of the system, i.e. the collision rate (per particle) S
Here $ Ỳ ¥ W © denotes the pair correlation function at contact. In the approximation proposed by Henderson [5, [49] [50] [51] [52] 
It is useful to define a function
which has to be evaluated at constant tangential restitution ¡ t # ¡ in the limit
The integral over § from H £ ¡ to , has to be split into two parts, one corresponding to the range
for which there is Coulomb sliding with ¡ given by Eq. (6), and a second part corresponding to the range § y § y e , for which there is sticking with constant ¡ t # ¡ (see Fig. 2 ). The critical angle § is given by
To simplify the computation, we use the approximation
with the abbreviation
The averaged coefficient of tangential restitution 
and A defined in Eq. (24) . Note that G is an implicit function of time through
.
We formally get the same differential equations (13) in Eqs. (15)- (18) . These coefficients are implicitly time dependent via .
Constant tangential restitution limit
In the limit
. In that case model C reduces to model A.
Weak friction limit
For 
Comparison of model B and model C
Due to the implicit nature of model C it is rather difficult to work out its predictions, e.g., for the ratio of temperatures. Therefore, we present here the mean tangential restitution from models A, B, and C in Fig. 4 . Note that ¡ ' for model C depends not only explicitly on £ but also implicitly through . To keep the discussion simple, we present results only for some constant, representative values of . The mean restitution for large is smaller (or equivalently, the corresponding £ is larger) than for small . Models B and C become indistinguishable in the limit 3 f , as expected. , which is strictly true only for 3 f or
We again obtain the same differential equations (13) for and with the coefficients are not identical here. All coefficients depend on the system parameters only. They are constants in time -in contrast to model C (and E as will be shown later).
Constant tangential restitution limit
In the limit [10].
Weak friction limit
In the limit 
CbE
The final step of refinement of the MF theory is to use
, to compute the coefficients. This is the full mean field theory. The calculation is similar to the one for 3D in [13] and is presented in appendix A. We obtain the following coefficients, to be inserted into Eqs. In conclusion, models D and E appear similar in shape but there are several striking differences: (i) The division by , and (v) the more refined theory appears in a simpler form, especially the term P P ¤ .
Constant tangential restitution limit
The limit of constant tangential restitution can be reached by taking the limit 
Weak friction limit
approaches one in the weak friction limit, both 
which means that in the limit of low friction the differential equations for and decouple. In the non-driven case this leads to surviving rotational energy (not show), similar to Refs. [13, 16] .
V. STEADY STATE
Before discussing the approach to the stationary state in the next chapter, we first elucidate the stationary state and compare results of our simulations to various levels of refinement of the mean field theory. 
A. Analytical results

By
as discussed in more detail for all models in the following.
Model A
For model A, the steady state ratio of rotational to translational energies is £ ¦ ¥ 5 (39) and the energy dissipation factor is¨& 
Note here again that model A does not contain any dependence on the coefficient of friction 
again where¨is a nonlinear function of £ ¦ ¥ whose particular form can be easily seen from Eq. (A19).
Models C and E for small £
For models C and E the coefficients in the differential equations do depend on , so that the steady state values have to be computed numerically for a general choice of parameters. Analytical results can only be achieved in the limit
, where we can use the expansions of the coefficients introduced in sections IV C and IV E.
For model C we obtain to lowest order in £ , the dissipation factor¨2 C ¥ ¤ and, using . This leads to the qualitative difference in asymptotic behavior between models C and E: The correct asymptotic behavior for small £ is £ § ¥ £ . Note again that the more refined model E leads to a simpler analytical result than the approximated model C. for model E. The comparison of the models for arbitrary values of £ will be given in the next subsection, where we also present the results of our simulations and compare them to the predictions of the various mean field models.
B. Comparison with simulations
In this subsection, the steady state predictions from our models are confronted with the numerical simulation results. Note that we present results for rather high densities and dissipation, where our assumptions about homogeneity of the system and the Gaussian shape of the velocity distributions is not strictly true anymore. However, we want to stress the point that the present theory is astonishingly close to the numerical simulation with experimentally relevant parameters even when the most basic assumptions are somewhat questionable. , large discrepancies are evident. The more refined a model used, the better the quality of agreement. The qualitative behavior of the data is best captured by model E, and we relate the remaining quantitative deviations to the fact that the simulations involve rather high density W and comparatively strong dissipation .
Variation of £ -translational temperature
In Fig. 6 we plot the translational temperature in the same way as in Fig. 5(a) , but now, we keep the values " # ¡ f Here, we remark that model A, with ¡ t # ¡ and the limit £ 3 5 is inadequate to model the £ -dependency of the data, it only gives the is not true, as pointed out above.
For weaker normal dissipation , one obtains a stronger reduction of the translational temperature in the range of strongest total dissipation (around
). This is due to the comparatively stronger contribution of tangential dissipation. However, as in the previous subsection, the agreement between simulations and model E is satisfactory, especially for 3 & .
Variation of £ -rotational temperature
In Fig. 7 we plot the ratio of rotational and translational temperature in the same way as in Fig. 5(c) , but now, like in Fig. 6 All models agree qualitatively in the large £ -limit, even though the quantitative agreement with simulations is again best caught by model E, as can be seen in Fig. 8 .
The remaining question is the asymptotic behavior for very small £ , as can be viewed in Fig. 9 , and as discussed theoretically in subsection V A. The quantitative behavior of for small £ is tested by a power law fit of the numerical values, ac- 
Thus the asymptotic behavior is proportional to £ , in excellent qualitative and quantitative agreement with the prediction of model E. 
VI. APPROACH TO STEADY STATE
A. Close to steady state
Provided the system is sufficiently close to steady state, we can linearize the set of Eqs. . In a stable stationary state they must be positive and they are. We present here only results for the simplest model (A) and postpone the general discussion to the next paragraph, where the full dynamic evolution towards steady state will be examined. In Fig. 10 , we plot the two relaxation rates as a function of t # ¡ for a fixed value of f ! . In the limit of smooth spheres one of the rates vanishes because the rotational energy is conserved in that limit. For £ # ¡ " 5 f T the two rates are equal and for increasing " # ¡ the difference between the two rates increases monotonically with " # ¡ , such that for perfectly rough spheres the larger rate is about fourteen times the smaller one. Such a pronounced separation of time scales is familiar from the cooling dynamics of the same model, see [13] . There it was shown that the ratio of translational to rotational energy, , relaxes fast to its stationary value, whereas both the translational as well as the rotational energy decay on the same, much longer time scale. This point will be discussed in a more general setting (model E and relaxation from an arbitrary initial condition) in the subsequent paragraph.
B. Full Dynamic Evolution
In Fig. 11 , the full dynamic evolution of the translational and rotational temperatures with time is shown for two simu-
and different values for the coefficient of friction. In both situations, the agreement between simulations and the numerical solution for the full MF theory, model E, is good -not only concerning the limiting values and the asymptotes, but also the time dependence during the two regimes (i) equilibration between f and , and (ii) approach to final steady state. 
VII. SUMMARY AND DISCUSSION
In summary, a dynamic MF theory for the full time evolution of the translational and rotational temperatures of a homogeneously driven two-dimensional granular gas has been presented. Particle collisions were modeled using the Walton model [17] , i.e. with normal dissipation, tangential restitution (sticking) and Coulomb friction (sliding). The Walton model can be formulated in terms of a coefficient of tangential restitution, which depends on the impact angle § . Using a Pseudo-Liouville operator we have computed the distribution of impact angles as well as the mean field dynamics and steady state values of the translational and rotational temperatures.
In addition to the complete mean field theory of the Walton model ("model E"), we discussed three levels of approximation in order to simplify the differential equations of the time evolution. The crudest approximations including Coulomb friction ("model B" and "model C") assume that an effective constant tangential restitution exists and can be computed by averaging over the angular distribution of impact angles. For model C this averaged coefficient depends on the current values of the translational and rotational temperatures and thus on time. Even simpler is model B where the rotational contribution to the impact angle is neglected, leading to a coefficient of tangential restitution that only depends on global system parameters. The closest approximation ("model D") to the full mean field theory ("model E") keeps the dependence of ¡ ¥ § © on the impact angle § but, like for model B, the contribution of the rotation of the particles to the impact angle is neglected.
The predictions of the increasingly refined models of frictional dissipation as well as the full MF theory have been compared to simulations of a randomly driven mono-layer of spheres using an Event Driven algorithm. Emphasis has been put on the stationary state which is characterized by two temperatures, and , one for the translational and one for the rotational degrees of freedom. Guided by the MF approach we discovered a rich phenomenology like a non-trivial dependence of the stationary state temperatures on the model parameters. For example, the translational temperature is nonmonotonic as a function of maximal tangential restitution " # ¡ and also non-monotonic as a function of Coulomb friction £ , provided £ # ¡ is sufficiently large. All models predict steady state values of the translational and rotational temperatures, which are considerably improved as compared to the model without friction ("model A"), which assumes constant tangential restitution (see Figs. 6 and 7) . All approximations A-E agree in the limit of large friction, where the tangential restitution becomes independent of the impact angle (see Fig. 2 ). Qualitative agreement between models B-D and simulations is achieved also for intermediate values of £ . However in the limit £ 3 f all approximations break down and only the complete mean field solution ("model E") is in agreement with the simulations (see Fig. 9 ). In particular model E predicts the linear dependence of the ratio of temperatures, , on the friction coefficient £ that is observed in the simulations and was used in Ref. [14] to derive an approximate kinetic theory of frictional particles. Sticking contacts become more important relative to sliding contacts for fixed £ and decreasing £ # ¡ . In this regime models B and D seem reasonable, but lead to poor quantitative agreement as t # ¡ approaches & . The full mean field theory ("model E") leads to reasonable agreement for all values of # ¡ . For weak dissipation, 3 & , the agreement is very good -for stronger dissipation, we relate the deviations to the failure of both the homogeneity assumption and the molecular chaos assumption made.
Linearizing the dynamic MF equations around the steady state leads to an eigenvalue problem with two relaxation rates, one of them being related to the equilibration between the translational and the rotational degrees of freedom, while the other one controls the approach of the system to its steady state. For strong coupling, the former process is much faster, so that there is a clear separation of time scales, which has been discussed already for a freely cooling system in the absence of driving.
In conclusion, realistic Coulomb friction turned out to be a subtle problem as only the full mean field theory of the Walton model predicts the effects of friction for all values of £ and t # ¡ . All simplifications are both qualitatively and quantitatively wrong in some parameter range. Our studies can easily be extended to three dimensional systems or more complex ones, like e.g. a polydisperse mixture of frictional particles with different material properties. Other driving mechanisms could be employed as well. 
